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Abstract. Invariant operator- valued tensor fields on Lie groups are consid- 
ered. These define classical tensor fields on Lie groups by evaluating them on 
a quantum state. This particular construction, applied on the local unitary 
group U(n) X U(n), may establish a method for the identification of entangle- 
ment monotone candidates by deriving invariant functions from tensors being 
by construction invariant under local unitary transformations. In particular, 
for n = 2, we recover the purity and a concurrence related function (Woottcrs 
1998) as a sum of inner products of symmetric and anti-symmetric parts of 
the considered tensor fields. Moreover, we identify a distinguished entangle- 
ment monotone candidate by using a non-linear realization of the Lie algebra 
of SU(2) X SU(2). The functional dependence between the latter quantity and 
the concurrence is illustrated for a subclass of mixed states parametrized by 
two variables. 



1. Introduction 

In previous papers [TJ[2] , we have shown how to construct classical tensor fields 
on a Lie group Q out of quantum states and unitary representations of the Lie 
group Q . This procedure resembles what has been done by Peremolov in defining 
generalized coherent states 13]. Our approach, however, is an aspect of a general 
program for a geometrical formulation of quantum mechanics [4j|7] which aims at 
a description of quantum mechanics in classical differential geometric terms. In 
this picture, it is possible to consider as a 'classical' (finite-dimensional) manifold 
M any (finite-dimensional) Hilbert space %, or its manifold of rays, the complex 
projective space associated with "H, say R(H) or CP('H). Somewhere else [8], it 
has also been shown how to deal with the GNS construction in this geometrical 
formulation so that a highly unified picture emerges showing that most concepts 
and mathematical construction of symplectic and Riemannian geometry are unified 
in this Kahlerian description of quantum mechanics. States and observables are 
connected with the Hilbert space description by means of the momentum map 
associated with the symplectic action of the unitary group U(H). Our construction 
of tensor fields on the Lie group Q is to be thought within the general picture of 
a quantization-dequantization scheme that has been considered recently in several 
papers (see 19] for a review on these works). The latter approach involves the 
construction of a star product of complex-valued functions on the group Q induced 
by the product of operators in the Hilbert space % carrying a unitary representation 
U of Q (representation that gives rise to an action of Q on the physical stateQ. 
Now, in addition to the 'symbol' : Q — > C associated with the operator A, i.e. 

f A (g) = Tr(AU(g)) 

- for sake of simplicity we are assuming that % is finite-dimensional, or, more 



in general, A is a trace class operator, and Q is unimodular (see 10 ) — we also 



^By 'physical states' we mean the so-called normal states on the algebra of observables, namely, 
those states that can be identified with density operators. As is well known, in the case of a finite- 
dimensional quantum system all states (i.e. all normalized positive functionals on the algebra of 
observables) are normal states. 
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consider 

df A (g) = Tv(AdU(g)) 

and tensor fields which may be constructed out of them on the group. 
Besides paving the way towards an alternative, more general approach to dequan- 
tization, the more concrete justification for these constructions may turn out to 
be provided from current questions of quantum information, being not necessar- 
ily connected to any classical limit. In particular, it has been shown in [2] that a 
characterization of quantum entanglement for pure states is closely related to the 
pull-back tensor field 

T A (g) := TriAU^dUfj)) ® U^dUig)) (1.1) 

on the Lie group Q = U(n) x U(n) arising from a covariant Hermitian tensor field 

dz j <g) dz j (1.2) 

defined on a finite-dimensional Hilbert space T-L whenever the operator A is consid- 
ered as a normalized rank-1 projector, say |0) (0|, defining a pure quantum state. 
The pull-back \1A\ is induced by a unitary action of the underlying Lie group Q 
on a normalized fiducial vector |0) 6 T~L [TJ[2j|Tl] . Such a pull-back construction 
should in principle exist also in the algebraic approach to quantum mechanics, by 
starting with a Hermitian tensor field on a C*-algebra of operators, instead of a 
Hilbert space. To capture also an entanglement characterization for mixed, rather 
than only for pure states, via a corresponding generalized tensor field construction, 
we shall take into account a different, probably more direct route. 
This is done here in the following section [2] where we present a general framework 
for a construction of invariant operator-valued tensor fields (IOVTs) 

U- 1 dU{g) ® U^dUig) (1.3) 

directly defined on Lie groups. The corresponding operators may either be rep- 
resented here on vector spaces, or more generally, realized on a manifold. The 
IOVT-construction will be applied in Section [3] on the unitary group U (n) in ar- 
bitrary finite dimensions with an evaluation of these tensors on states associated 
to n-level quantum systems. Thereafter, we focus particular attention on an en- 
tanglement characterization of bi-partite mixed quantum states by applying our 
framework of IOVTs on the local unitary group U(n) x Uin). In section |4j we will 
illustrate our results on particular families of entangled states for n = 2. We end 
up with conclusions and an outlook to the Peres-Horodecki criterion in section [5j 

2. Invariant Operator- Valued Tensor fields on Lie groups 

2.1. Invariant tensor fields on Q. Given a matrix Lie group G, we may construct 
a left invariant Lie algebra-valued 1-form by setting 

g-'dg-r^O^ (2.1) 

where {&j}jeJ denotes a basis of left-invariant 1-forms on Q, and Tj is a basis for 
the Lie algebra of Q. By using a dual basis of left-invariant vector fields {Xj}j e j, 
defined by 

ix j (g- 1 dg) = T j , (2.2) 



we find that the left invariant Lie algebra- valued tensor field (2.1 1 is related to 
the identity (l,l)-tensor field field Xj ® 6? J . From the manifold view point, the 
composition law 

ip-.g^g^g (2.3) 

may be considered as an action of Q on itself, and dg denotes the 'differentiation' 
with respect to the action, and not with respect to the 'point' which is acted upon. 



The Lie algebra valued 1-form (2.1 ) is known to be a standard construction on Lie 



groups (see e.g. [12] for further details). The generalization of this construction to 
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higher order tensor fields is usually done in this regard in terms of the wedge, rather 

then the ordinary tensor product. In contrast to this considerations, here we would 

like to take into account higher order tensor fields taking values also in the tensor 

algebra rather then only in the Lie algebra. Let us now illustrate this idea. 

By considering the matrix- valued differential 1-form dg we may construct the tensor 

field 

dg- 1 ® dg = -g- x dg ® g^dg, (2.4) 

where we have used 

dg- 1 = -g-'dgg- 1 . (2.5) 

The tensor field becomes then 

- (Xj ® 9 1 ) ® (X k ® 9 k ) (2.6) 

which may also be written as 

- {Xj ® X k ) ® (6 j <g> 6 j ), (2.7) 
that is a tensor algebra valued left-invariant tensor field on Q. 

Remark 2.1. Had we chosen dg ® dg -1 , we would have a similar expression in 
terms of right-invariant 1-forms and right-invariant vector fields. 

Remark 2.2. Higher order tensors may be constructed in similar manner. 

2.2. Representation-dependent tensor fields. The tensor fields we have con- 
structed may give rise to operator-valued tensor fields if we replace the vector fields 
with corresponding elements in some operator representation of the Lie algebra 
Lic(tJ) of the group Q. In short: We may consider any Lie algebra representation 
R of Lie((?) = T e Q and replace Xj with R(Xj). 
For instance, if Q acts on a manifold Ai, i.e. 

<j)-.gxM^M (2.8) 

we have a canonical action obtained from taking the tangent map 

T<j) : TQ x TM -> TM . (2.9) 

We obtain in this way a Lie algebra homomorphism into the Lie algebra of vector 
fields on M. Notice that the application of the tangent functor requires the action 
to be differentiable. If we replace the action of Q on itself with the action on a 
generic manifold M, we may formally write 

-^(g)- 1 d^(g) = R(X j )^e\ (2.10) 

the specific homomorphism depending on 

$ : Q -> Diff(M) (2.11) 

with the infinitesimal generators R(Xj), 

R:Lic(g)^ Vect(M), (2.12) 

from the Lie algebra of Q into the module of vector fields on M.. 
A corresponding tensor field on Q is then provided by 

- ^(gy'd^g) ® $( 5 )- 1 rf$( 5 ), (2.13) 

yielding 

{-R(Xj)® R(X k )) ® 6 j ® 8 j . (2.14) 

To identify R{Xj) ® R(X k ) with an 'operator' we have several options. When the 
homomorphism maps to vector fields, the product R(Xj)<E)R(X k ) may be associated, 
for instance, either with a second order differential operator 

L R ( Xj )(L R (x k )f) (2-15) 
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on a function / G J-(M) or with a bi-differential operator 

L R(Xj )h(L Ri x h )f2) (2.16) 
on pairs of functions f 2 ) G F(M) x 

Within the quantum setting, if we identify the manifold M. say either in the 
Schrodinger picture as a Hilbert space W. resp. the associated space of rays ~R-(%), 
or in the Heisenberg picture with the C*-algebra A of dynamical variables, resp. 
the strata D k (A) C A* of quantum states with fixed rank k, we may obtain several 
interesting tensor fields. Thus, if we consider 



M={^ n ' (2.17) 




we may construct several tensor fields with values in the corresponding operator 
algebras. 

In the following we will mainly focus on unitary representations 

U : G -> 17(70, (2-18) 

as starting point. Here we will find the anti-Hermitian operator-valued left-invariant 
1-form 

- Uig^dUig) = iR{X 3 )8i (2.19) 
and construct a tensor field on Q 

- Uig^dUlg) ® U(jg)- l dU{g), (2.20) 

yielding 

R{X j )R{X k )e d ®6 3 , (2.21) 

where the operator iR(Xj) is associated with the representation of the Lie algebra 
Ijie(Q). This representation is equivalently defined by means of the representation 
of the enveloping algebra of the Lie algebra in the operator algebra A := End(H). 
In particular, an element Xj®Xk in the enveloping algebra becomes then associated 
with a product 

R(Xj)R(X k ) EA:= End(H). (2.22) 
We may evaluate each of them by means of dual elements 

peA\ (2.23) 

according to 

p(R(X 3 )R(X k )) = Tr(pi?(X,)i?(X fe )) G C, (2.24) 
yielding a complex-valued tensor field 

piRiX^RiXk))^ ®6 j (2.25) 

on the group manifold. The tensor field ( 2.25| decompose into 'classical' tensors in 
terms of a symmetric and an anti-symmetric part 

/ 9([ J R(X i ),-R(^)]+)^©^ (2.26) 

p{[R{X j ),R{X k )]^ AW. (2.27) 

whose coefficients define real (resp. imaginary) scalar-valued functions 

Lie(£) x Ue(Q) x A* ->■ C (2.28) 

which become bi-linear on the Lie algebra Lie(G) once the dual element p G A* is 
fixed. With this map we also associate with two elements in Lie(C/), an element in 
A*. 
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A general operator-valued tensor field of order-k on a Lie group is defined by taking 
the k-th product of operator- valued left-invariant 1-forms 

- U{g)- x dU{g) ® U{g)- x dU{g) ® ... ® U^dU^g), (2.29) 

yielding 

R(X n )R{X j2 )..R{X 0k )6 31 9 jk . (2.30) 

An evaluation of this higher rank operator-valued tensor field on a dual element 
p € A* according to 

p{R{X jl )R{X 32 )..R{X Jk ))8 il ® 6> J2 ® .. ® 0*'* (2.31) 

provides a map 

Lie(£) x Lie({?) x .. x Lie({?) x A* -> C (2.32) 
for each coefficient and therefore a corresponding linear functional-dependcnd multi- 
linear form on the Lie algebra. This suggests the following definition: 

Definition 2.3 (Invariant operator- valued tensor field (IOVT)). Let {0j}je,j be a 
basis of left- invariant 1-forms on Q , and let {Xj}j e j be a dual basis of left-invariant 
vector fields with {iR(Xj)}j e j , its representation in the Lie algebra u(H) ofU{T-L) 
associated to a unitary representation U :Q — > U(H). The composition 

k \ k 

a—1 ' a=l 

defines then a covariant IOVT of order-k on the Lie group Q , associating to any 
group element g G Q a map 

T g g x T g Q.. x T g g x A* -> C (2.34) 

and therefore a k-multilinear form on its Lie algebra Lie{Q) for any evaluation with 
a dual element p G A* ■ 

Remark 2.4. The evaluation of an LOVT becomes a quantum state-dependent 
tensor field, once we restrict on dual elements p G A* which are positive and nor- 
malized. 

Remark 2.5. This construction may be considered as generalization to Hermit- 
ian manifolds of Poincare absolute and relative invariants within the framework of 
symplectic mechanics fit 



2.3. Non-linear actions and covariance matrix tensor fields. At this point 
we would like to relate the IOVT-construction to the pull-back tensor field 

K Q {p) := (p{R{X,)R(X k )) - p{R{X j )) P {R{X h ))6 j ® 9 k (2.35) 

which has been derived and applied in the previous part I of the work in K2J from a 
covariant tensor field 

dz j ®dz ] z 3 dz j (g> z k 'dz k 

defined on a finite-dimensional punctured Hilbert space Ho = C™ +1 — {0}. The 
IOVT coincides with the pull-back tensor construction whenever the dual element 



p is restricted to be a pure state. While (2.36) is induced by the projection on 



the associated projective CP™ being endowed with the Fubini study metric, one 



finds that (2.35) is induced by a unitary action of the underlying Lie group Q on 



a normalized fiducial vector |0) G H with p = |0) (0| 1 1 , 2 11 . The latter action is 
related to the co-adjoint action, infinitesimally defined by 

i?(V 3 )-p:=[i?(V 3 ),p]. (2.37) 



Formula (2.35) may be rewritten in terms of 

R(Xj) ■ p := [R(Xj) - p(R(Xj))Id n ]p, (2.38) 
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so that Kg(p) becomes 

p(R(Xj)R(X k ))9 j ® 6 k . (2.39) 
This formula makes sense also when p is not a pure state. The associated tensor 
coefficients p(R(Xj)R(Xk)) coincide with those of a covariance matrix, when eval- 
uated on a linear functional p 6 A* which is positive and normalized. This follows 
directly from 



p{R{X 3 )R{X k )) =p[ [R(Xj) - p(R(X 3 ))U n ][R(X k ) - p(R(X k ))l&, 



= p^R(X 3 )R{X k ) + p{R{X ))p{R{X k ))\A H - p{R{X j ))R{X k ) - p(R(X k ))R(X 3 

= p(R(X/)R(X k )) - p(R(X 3 ))p(R(X k )) := K jk (p), (2.40) 

where we used the normalization p(Id^) = 1. It establishes an invariant covariance 
matrix tensor field 

Kg(p) = K jk (p)03 ®9 k , (2.41) 

on the group manifold Q, being decomposed into 

Kg=G + ifl, (2.42) 

a symmetric part G, a part L, linear in p and an anti-symmetric part St according 
to 

L{p) := pQRiXj), R(X k )] + )P 6 k , (2.43) 
G(p) := (L(p) - piRiX^piRiXu)))^ 8 k , (2.44) 

Sl{ P ) ■= p([R(Xj), R(X k )]_)8 j A 9 k . (2.45) 
The covariance matrix tensor field generalizes therefore the pull-back tensor field 
construction (2.351) on Lie groups applied to pure states, as considered in the pre- 



235) or 

vious papers in [TJ|2j , to (non-linear) operator- valued tensor fields on Lie groups 
applied to mixed states. 

3. Evaluating IOVTs on composite systems 

In the following we will discuss applications of IOVTs on mixed quantum states 
associated to n-level composite systems. For this purpose we recall some basic facts 
on the notion of a mixed state. 

Within the Schrodinger picture we consider Rq = % — {0} and the momentum map 

p:H ^u*(H), (3.1) 

M ^ |</>} (VI := Pi, (3.2) 

on the real vector space u* (7i) of Hermitian operators. This map has the image 
p(Ho), given by the submanifold 

D 1 iH)Cu*iH) (3.3) 

of rank-1 Hermitian operators. By restricting the momentum map to normalized 
vectors on the unit sphere 

:={k/>) en\^/W¥) = i} 

of the Hilbert space, one finds an embedding i of the space of rays 1Z(H) into u* (H). 
The image 

i{n{H))=D\iH)<zD l (H)<Zu*(H) (3.4) 

becomes now the subset D\(R) of rank-1 projection operators p^, := pj and the 
convex combination 

p = ^Pjpj, ^2,pj = l, p 3 - 6 1 + (3.5) 
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yields the space of mixed quantum states which we denote here and in the following 
by D{T-L). Pure states are extremal states with respect to convex combinations. 
They may be characterized by the following properties when % = C™. 

3.1. Pure, mixed and maximally entangled states. Given a basis of general- 
ized Pauli-matricetj^J o~j G {o~j}a<j<n 2 -i on the space of Hermitian matrices u*(n), 
we may expand any given mixed quantum state in the Bloch-representation 

P = -(co + rnjaj). (3.6) 



Here we find 
and therefore 



P 2 = + "2m k <T k + rrijirikajcrk) (3.7) 

Tr(p 2 ) = ^ (n + 2m j m k S jk ), (3.8) 

where we used Tr(cr_y(7fc) = 25 jk- With p 2 = p for pure states and Tr(p) = 1 it 
follows: 

Proposition 3.1. For a given density state p € D(C n ) in the Bloch-representation 
(3.6), following statements are equivalent: 

p is pure, i.e. p 2 = p (a) 



Remark 3.2. Note that 



||pIW«,(») (3.9) 



coincides with the Euclidean trace norm on the traceless part of the Bloch-representation 

On the other end, 'maximal mixed states' are defined to be the multiple of the 
identity 

p* := -a . (3.10) 

n 

We find a first application of an invariant operator-valued tensor field (IOVT) con- 
sidered in the previous section. 

Proposition 3.3. Let 

n := \R{X j ),R{X k )]^ A 9 k (3.11) 

be an anti- symmetric IOVT on the Lie group U(n) in the defining representation. 
For a given density state p G D(C n ) in the Bloch-representation (3.6), the following 
statements are equivalent: 

p is maximally mixed (a) 



2 These matrices are specified by being Hermitian and sharing the properties 

ffo=lnx», Tr(oj) = for j > 
2 

kji °~k]+ = -<5jfc°"o + djkicri, [<Tj, cr k }_ = Cjkiai 

where Cjki and djkl denote full anti-symmetric and symmetric structure constants of the Lie- 
algebra u(n) within the convention 

[A,B]+ := \{AB + BA), [A,B]- := UaB-BA). 

A 1% 
Note, that a trace-orthonormalization r Y^(pja k ') = 2Sj k is implied in these properties by the 
decomposition 

O-jCTfc = [tjj,tj k ] + +i[a-j,CT h ]-. 
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fi(p) = 0. (b) 

Je^ = °- ( c ) 

Proof. In the defining representation U(n) x C™ — > C" we have 

n = <r fc ]_^' a e k = tncjuW a e k . (3.12) 

For a given state p £ D(C n ) we find therefore 

tt[ jk ](p) = Tr(/3Cj W £7j). (3.13) 
By decomposing p into Hermitian orthonormal matrices within the Bloch-representation 

^ n 2 — 1 

p = -(1 + V m r cr r ), (3.14) 
n * — ' 

r=l 

we find from the traceless property of the Hermitian matrices Cjkio~i that 

n 2 -l 



%fe](p) = Tr(pcj k iai) = -Tr((l + ^ rn r o- r )c jk iai) 

71 r=l 
^ n 2 — 1 ^ n 2 — 1 

= -Tr(c jk i<7i + c jk im r a r cri) = -Tr( c jk im r a r ai) 

r— 1 r— 1 

n 2 — 1 2 n- 2 — l 2 — 1 

- 51 Cjkim r Tr(cr r cri) = - ^ c jk im r 5 rl = - ^ c jfci m ; . (3.15) 



With 



n ' — ' n ' — ' n 

r=l r=l 2 = 1 



n z -l n -1 



we find that 



iff 



^ Cjkimiak = ^ [ cr j' m l a 'l] (3.16) 

> 2 -i 

^ Cjurrii = (3.17) 



n 2 -l 



1=1 



^ CjumicTk = 0. (3.18) 



;=i 



Since the Lie algebra of SU(n) is perfect, i.e. 

[sti(n), su(ri)] = su(n), (3.19) 
it follows that the condition ( 3.18| ) holds true if and only if 

mi = for all I. (3.20) 



This implies Ouy(p) = and, according to (3.14), a state 

p=-l (3.21) 

n 

from which one concludes the statement. □ 

Corollary 3.4. Lagrangian submanifolds of pure bi-partite quantum states with 
same Schmidt coefficients define maximally entangled pure states. 

Proof. Since Schmidt-equivalence classes with equal distributed Schmidt-coefficients 
are maximal entangled according to the von Neumann entropy measure, we can di- 
rectly conclude the statement by applying Proposition |3. 3| on reduced density states 
within Proposition 1 (a) in [2j. □ 
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We remark that this is a stronger statement than the one made by Bengts- 



son 



14 , where it has been concluded from dimensional arguments that maximal 
entangled states provide a Lagrangian submanifold. We have shown here that there 
are no further Lagrangian submanifolds, which provide Schmidt equivalence classes 
of entangled states being less entangled than maximal. 

3.2. Entanglement monotone candidates from IOVTs on U(n) x U(n). Ac- 
cording to Vidal [15] , one defines entanglement monotones as functions 

/ : D{Ua®U b ) (3.22) 

which do not increase under the set LOCC of local quantum operations being as- 
sisted by classical communication. A necessary (although not sufficient) way to iden- 
tify entanglement monotones is therefore given by functions on D(Ha ®Rb) being 
invariant under the local unitary group of transformations U(Ha) x U(Hb)- This 
suggests to define entanglement monotone candidates by functions on D(Ra®Rb) 
satisfying 

f(Uptf) = f{p) for all U G U(U A ) x U{H b ). (3.23) 
In this necessary strength, we propose in the following entanglement monotones 
candidates by identifying constant functions on local unitary orbits of entangled 
quantum states, arising from invariant IOVTs constructed on U(Ha) x U(Hb)- To 
map the latter invariant IOVTs to invariant functions, we use an inner product 
defined on the space of 'classical' quantum state evaluated IOVTs of fixed order as 



follows. Based on definition 2.3 we consider the representation R-dependent IVOT 
of order k 



1R 



n r ( x ^ 



on a Lie group Q . After evaluating it with a state 

/ k 

0r^p(0r) ■■=0 P r = p[ ]]_R(Xi 



a=l 



we may consider for compact Lie groups the Hermitian inner product 



K) 




,0Ja 



By defining 



and using 



one finds 



l[R(X ia )):=Tl, Ak e 



1 k 








\a=l 


a=l 1 



o=l 



a=l 



(3.24) 
(3.25) 

(3.26) 
(3.27) 

(3.28) 
(3.29) 



ii, ...,»jt 

a quadratic function on tensor coefficients. 

By considering this C/-invariant construction in particular on the local unitary group 
Q = U{'Ha) x U{'Hb) for a given representation R, we may introduce a R-class of 
entanglement monotone candidates by the set of polynomial functions 



a n G 



(3.30) 



made out of these quantum state dependent Hermitian products for all IOVTs of 
fixed order k G N. This class can be enlarged in different directions, either by 
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considering polynomials involving IOVTs with variable order k or by considering 
alternative realizations R, going possibly also beyond unitary representations. 

Remark 3.5. This framework may be generalized to multi-partite quantum systems 
by using representations of corresponding higher order products of unitary groups, 
i.e. by taking into account IOVTs on Q = U(T-L) xr with r > 2. 

3.2.1. Relation to known entanglement monotones n = 2. To compare these func- 
tions with possibly known entanglement monotones from the literature, we restrict 
the following discussion on the case of two qubits. To review here some of the well 
established entanglement-monotones, consider first a real paramctrization of the 
convex subset of bi-partite states 

p = i(cr <8> er + rijO-j ® a + m k a ®a k + Cj k aj a k ). (3.31) 

with 

rij := Tr(p A a j ) = Tr(pcr j ® 1), m k := Tr{p B a k ) = Tr(pl ® a k ) (3.32) 

C jk := Tr (pCj ® a k ). (3.33) 
By considering the spin-flip operation 

p := a 2 ® o 2 p* o 2 ® d2- (3.34) 

one finds 

3 3 3 

4Tr(pp) = 1 - TO i " E n " + E C h' ( 3 - 35 ) 

j=l j = l j,k = l 

which turns out to be a central quantity for entanglement quantification as follows: 
For mixed states p € D(2) one finds that the singular values of pp yield monotones 
for constructing the concurrence 

C{p) :=max[A 4 -A 3 -A2-Ai,0], Xj G Spec(pp), A 4 < .. < Ai, (3.36) 



providing the entanglement measure of formation \16\\18\ . Moreover, one recovers 
the purity measure 

Tr(p 2 ) = Tr(pp), iip = p, (3.37) 



i.e., if the given state is invariant under the spin-flip operation (3.341. In this case 
it provides a complementary entanglement monotone to the linear entropy 

1-Tr(p 2 ), (3.38) 

as underlined in |18| . As the name suggests, the linear entropy may be considered 
to be an approximation to the von Neumann entropy 

-Tr^lnp), (3.39) 

for In p ss p— 1. For more details on entanglement monotones we refer to the seminal 
paper of Vidal [15] , resp. |19| and references therein. 

In the following we would like to show how some of these entanglement monotones 
may be recovered, up to additional terms, from an evaluation of ( 3.31 ) on the order-2 
IOVT 

6 R := R(Xj)R(X k )9 j 6 k (3.40) 
being decomposed into a symmetric 

G R := [R(Xj), R(X k )] + 6 j 9 k (3.41) 
and an anti-symmetric IOVT 

fl R := [R(Xj), R{X k )]_Qi A 9 k (3.42) 
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on Q = SU(2) x SU(2) associated to a product representation U : Q — >• t/(4) on 
C 2 ® C 2 with 

= J*'® 1 for0 ^ 3 (3.43) 
v jy \l®<Tj_t for4<j<7. 

Computing the inner product of the tensor field 

6% := G£ + n£, (3.44) 

as proposed in the previous section on 9 R , separately on the symmetric and the 
anti-symmetric part, we 

^(KI« + (-lFKI«i))-| = g (3.47) 
Hence, by setting 

/* (p) = (3.48) 

we may identify 

|-^(p) = l-Tr(p 2 ) (3.49) 
as an approximation to the von Neumann entropy. 

3.2.2. Alternative entanglement monotone candidates for n = 2. To get into ac- 
count a possible approximation to the concurrence (3.36 1 we shall consider an IOVT 
build by a non-linear realization, 

R(Xj) ■ p := [R{Xi) - P {RiXj))l]p. (3.50) 

Here we find 

3 3 3 

if(p) = 6 + 5>f + 5>| + 2]T C\ k 

j=\ j=i j,k=i 

+2to 2 (to 2 + 772 2 + n\ + 77 2 + n 3 ) + 2m 2 (nf + n\ + tt, 2 ) + 2to 2 (to 2 + ti 2 + 772 + n :s) 
- 4mi [ntC^x + n 2 C\ t 2 + n 3 Ci^) 
-4to 2 (t7iC 2 ,i + 77 2 C 2 ,2 + n 3 C 2 ^) - 4to 3 (niC 3il + 77 2 C 3 , 2 + 77 3 C 3i3 ) . (3.51) 



The quantum state dependent coefficients may be subsumed for the symmetric part 



( G (jk))R 



whereas the anti-symmetric part yields 





/ 1 








Ci,i 


Cl,2 


Cl,3 


\ 







1 





Ca,i 


C?2,2 


C2,3 












1 


C 3 ,i 


C3,2 


^3,3 






Ci,i 


C 2 ,i 


Cs,i 


1 












Cl,2 


C2,2 


C3,2 





1 









V Ci, 3 


C2,3 


^3,3 








1 


/ 


rt yields 














/ 





»7i3 


-m 2 











\ 




-7713 





mi 













m 2 


—mi 






























773 


— rt2 















-n 3 





»i 




V o 








»2 


-ni 





/ 



(3.45) 



(3.46) 
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While the anti-symmetric IOVT remains unchanged for this non-linear realization, 
one finds here for the the inner product on the symmetric tensor fielcj^] 

(G p k = (m\ - 1) 2 + 2m\m\ + ( m l ~ l) 2 + 2m 2 m 3 + 2m\m\ 

+ (ml - l) 2 + (n\ - l) 2 + 2n\nl + (nj - l) 2 + 2n\n\ + 2ra 2 ,n 3 
+ (n 2 - l) 2 + 2 (C 1A - mmi) 2 + 2 (C 1)2 - nunj) 2 
+2 (Ci, 3 - min 3 ) 2 + 2 (C 2 ,i - m 2 ni) 2 + 2 (C 2 , 2 - m 2 n 2 ) 2 
+2 (C 2 , 3 - m 2 n 3 ) 2 + 2 (C 3)1 - m 3ni ) 2 + 2 (C 3 , 2 - m 3 n 2 ) 2 + 2 (C 3 , 3 - m 3 n 3 ) 2 . 
In this way, we recover by means of those terms involving 



C 



j,k - rrijUk 



(3.52) 



an entanglement monotone candidate which has been considered and applied on 
pure states within part I of the underlying work in (3.37), (3.38), p. 10 in [2]. 
In section 4.1.2 we will outline an application of these invariant functions for a 
quantitative description of entanglement associated to subclass of two qubit states. 
Before coming to this point we will establish in general terms a link between a 
class of computable separability criteria, being useful for a qualitative description 
of entanglement, and these type of operator- valued tensor fields defined on the Lie 
group U(n) x U{n) for arbitrary finite-dimensional bi-partite systems. 

3.3. Separability criteria from IOVTs on U(n) x U(n). Let us restart here by 
recalling the notion of separability for mixed quantum states (see e.g. 20 19 ). By 
considering a product Hilbert space H. = T-La ® 'H-b w e find a convex set of mixed 
states D(Ha <8> T-Lb)- An arbitrary element will have the form 



E 



E^ 

3 



1, Pj G 



with 



(3.53) 

(3.54) 
(3.55) 

with G D{(H s ),s G {A, B}. For density states we have: 

Definition 3.6 (Separable and entangled mixed states). A mixed state p £ D(Ha® 
T-Lb) is called separable if 



Pj G D\(U A (8 H B ) = TL(U A <8> U B ). 
Each rank-1 projector is called separable if it can be written as 



Pi 



>p! 



P 



Eft 

3 



1, p e 



(3.56) 



with p S j G D\(H s ),s G {A, B}, otherwise entangled. 

An approach to mixed states separability criteria is known to be given by means 
of the Bloch-representation 21 . As starting point for deriving these criteria one 
finds: 



The coefficients read here 



( 1-mf 
—m\m2 
—m\mo, 
Ci,i — mini 
Ci,2 - mi«2 
V Ci, 3 - min 3 



-17111712 



1 - mi, 

-m 2 m3 
C2,l — m2.n1 
€2,2 - m 2 n 2 
C2,3 - m2"3 



—mimz 
—m2ms 
1 — mjj 
C3,l - m3.n1 
C-j.,2 - m 3 n 2 
Cb-,3 - m 3 n 3 



Ci,i - 
C 2 ,i - 

C3,l — 
1 - n\ 
—nin 2 
-nin s 



mini 
m2ni 
m 3 ni 



C'1.2 - min 2 
C'2,2 — m2n2 
C 3 ,2 - m 3 n 2 
— ni?i2 
X-nl 
-n 2 n 3 



Ci,3 - m x n 3 ^ 
C2,3 - m2n 3 
C 3 , 3 - m 3 n 3 
-nin 3 
-n 2 n 3 



1 - 



J 
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Proposition 3.7. A given state p £ D(U A ® U B ) = D(C n <g> C") in the Bloch- 
representation 

p= —^(<T Q ®<T + UjCTj ® CT + TOfcCTo <& <7 k + Cjkdj ® <7fc). (3.57) 

:= Tr(/ CTj ) = Tr(pa 3 <g> 1), m fc := Tr(p B a fe ) = Tr(pl <g> a k ) (3.58) 

Cj-fc := Tr(p^ ® a fe ). (3.59) 
is separable iff there exists a decomposition into 

n>j = ^Pin), m k = ^^m*., C jk = ^p^ml (3.60) 



with Bloch-representation coefficients 



n) := Tr(pf a,), := Tr(pf <r fc ). (3.61) 



associated to pure states p\ £ D\{H s ),s £ {A, B}. 
Proof. By considering the pure states 

Pi =-(<t + nfa), pf = -K + mi<T k ) (3.62) 

n J n 

within a separable mixed state 
one finds 

P = -j^Pi^o + rijo-j) <E) (cr + m l k a k ) 

i 

= ~2 ( X^ PlCT ° ® CT ° + y^ft^Oj ® CO + y^PiTOfcO-p <g) (Jfc +y^PjTl*-mfc(Tj (8) (Tfe J. 

i i i i 

By comparing the latter expression with a given state p £ D(Ha ®Wb) in the 
Bloch-representation (3.571 one concludes the statement. □ 

It has been shown that this proposition implies several either sufficient or neces- 
sary separability criteria of computable nature 21 . Without proof, we restate here 
one of the sufficient criteria: 

Proposition 3.8. A state p £ D(C n ® C") in the Bloch-representation 
1 

iv 

is separable if it fulfills the inequality 

/^te+^J+^T^i! (3.65) 

with a coefficient matrix C :— (Cj k )j_ kl £j . 

In this regard we find a class of computable separability criteria from IOVTs, 
which are directly linked with the necessary criteria in the Bloch-representation as 
proposed by de Vicente |2l| . Our translation in geometric terms read^] 



p = —^(co ® 0o + n J a 3 ® a o + m kO~o ® cr fc + Cjkcr-j ® cr fe ) (3.64) 



^For details on the proof see ll|21 
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Theorem 3.9. Let 

L := [fl(Xj), R(X k )] + 9 j 9 k (3.66) 

be a symmetric IOVT on Q — U(n) x U{n) associated to a tensor product represen- 
tation U : Q — » U(n 2 ). The evaluation of the coefficients 

L (jk) {p) := r Ti{p[R(X j ),R(X k )]+), (3.67) 

on a state p G D(C n ® C") implies then for 

L(jk)\j,k£j(p) ■= Cjk (3.68) 

in J := {j, k\l < j < n 2 — 1; n 2 < k < 2n 2 — 2} t/ie inequality 

:= Tr(^) < n(n ~ 1} 

if p is separable. 



i\ i ■= i n \ < <. i — - (3.69) 



To identify the geometric structure which prevents this necessary criterion from 
being also a sufficient criterion, one may focus on the anti- symmetric rather then 
the symmetric IOVT within the following criterion: 

Theorem 3.10. Let 

Q := [R{X j ),R{X k )]_e i A 6 k (3.70) 

be an anti- symmetric IOVT on Q = U (n) x U (n) associated to a product represen- 
tation U :Q -> C/(n 2 ). 4 stote p € D(C" (g) C") wift 

O(p) = 0, (3.71) 

is separable if it fulfills the inequality 

^^||C|kF<l, (3.72) 
n 

with a coefficient matrix C , defined as in Theorem \3.9\ by the evaluation on a sym- 
metric IOVT. 

Proof. According to the product representation^] one finds that the non-trivial co- 
efficients are given in the block elements &[j k ] \j.kei := ^[jk] wl ^h s € {A, B} of the 
coefficient matrix (Qy k }), defined by 

n$ k] (p)=Tr(p[o- j ,* k ]-®l), (3.73) 

ilf M (p) = Tr(pl ® [o- j _„ 2 ,(7 it _„2]_). (3.74) 

Both cases read 

%k] = Tr (p S Cjkiai), (3.75) 
with the partial traces resp. the reduced density matrices 

p s = Tr s (p), se{A,B}. (3.76) 
By applying Proposition |3.3| in Proposition |3.8| it follows the statement. □ 

For bi-partite 2-level systems the inequalities in the last two theorems coincide: 
Corollary 3.11. The inequality 

\\C\\kf < 1 (3.77) 

becomes both a sufficient and necessary separability criterion for the case n = 2 with 
maximally mixed subsystems f2lV. 



°See also section 3.1 



in|. 
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4. Applications on subclasses of states in n 



4.1. A one-parameter subclass of entangled states: Werner states. Let us 

apply the last two subsections on an explicit example. Consider for this purpose a 
convex combination of a rank-1 projectoiQ \(f> + ) ((j> + \ with a maximal mixed state 



P* ■= \l, 

according to 

p w ■= x \<p + ) (<f> + \ - 
with x € [0,1], i.e. a density state pw € D( 



(4.1) 



referred as the class of Werner states 22 



4.1.1. Qualitative description. By evaluating 



(1 

-"2 < 



x)p* (4.2) 
C 2 ), which in the literature is 



pw € £>(C Z < 
on a symmetric IOVT 

L:= [iJ(X,),iZ(JC fc )]+^ Q6 k 
associated to a product representation SU(2) x SU{2) - 
coefficients 



(L( jk ))(Pw) 



1 








X 











1 








—x 











1 








X 


X 








1 











—x 








1 











X 








1 



(4.3) 
(4.4) 

U{A) we find a matrix of 



(4.5) 



defined on the 6-dimensional real Lie algebra of SU(2) x SU(2). A decomposition 



implies 



C 







c 




(c 


D 


X 











—x 











x 



The latter is identical to the tensor coefficients Lt 



By computing the Ky Fan Norm of C one finds 

Tr(VCtC) = 3.x, 

thus we conclude according to Corollary |3 . 1 1| that pw is separable iff 



(4.6) 
(4.7) 

for 1 < j < 3 and 5 < k < 6. 

(4.8) 



1 

^3' 



U(4) yields 



since the evaluation of pw on an anti-symmetric IOVT 

n .= [R(X 3 ),R(X k )] + 8J A9 k 
associated to a product representation SU(2) x SU (2) — 

n(j>w) - o. 

The latter condition can be checked by using the fact that a convex combination of 
states gives rise to convex combination of corresponding anti-symmetric tensors 

n(p w ) := xil(\<f>+) (4> + \) + (1 - x)n(p*), (4.12) 



(4.9) 

(4.10) 
(4.11) 



^Also known as Bell state, i.e. a maximal entangled pure state associated to the vector 
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which is zero in each term, i.e. for the maximal entangled pure state \(f> + ) (4> + \ and 
for the maximal mixed state p* , according to Proposition |3.3| and Corollary |3.4| 
Similarly, we may perform also on the symmetric tensor L(pw) a decomposition 
into a convex sum of symmetric tensors 

L{p w ) = xL(\cp+) (0+|) + (1 - x)L{p*). (4.13) 

As a curious fact we observe in this regard the following: If we invert the sign of 
the first term associated to the pure state \(j> + ) (<t> + \ we may define a distinguished 
symmetric tensor construction 

L( PW ) := -xL(\0+) (</>+\) + (1 - x)L(p*) 



(4.14) 



yielding the coefficient matrix 



{L(jk)(pw)) 



( L {jk)(Pw)) 



( 1- 


2x 











X 










\ 







1 




2x 









X 

















1 




2x 







—x 






— X 












1 


- 2x 















X 














1 - 2x 







V 












X 










1 - 


2x 


J 


of this matrix 


reads 
















/ 1 


— 3x 





















\ 











1 


— 3a; 
































1 


— 3x 
































1-x 
































l-x 











V o 




















1 - 


x ) 





(4.15) 



(4.16) 



which provides a direct characterization of entanglement according to (4.9), where 
we conclude that pw is separable iff the symmetric tensor L has positive definite 
signature. 



(4.17) 



4.1.2. Quantitative description. By considering the spin-flip operation 

p := <72® o- 2 p*(J2 <£> CT 2 , 
and the square root eigenvalues Xj of 

PP, (4-18) 

one finds a quantitative description of mixed state bi-partite entanglement for two 
qubits in terms of the concurrence [16.17 , defined by 

C(P) 



(4.19) 



max(0, Ai - A 2 - A 3 - A 4 ), 
with Xj > Xj+i. Due to the invariance of Werner states 

Pw = Pw (4.20) 
under spin-flip transformation, it may instructive to take into account the relation 



to the values of the purity Tr(p 2 ) 
the function 

with 9 P R = p(R(Xj)R(X k )6i ® h 
fi(pw) = 



which has been recovered here in section 



fiip) ee (e p R \e p R ) 



3.2.1 



by 



(4.21) 



. According to (3.47) we find 
8Tr(p^)+4 = 6(x 2 + l). 



To compare this function with entanglement monotones related to the concurrence 
we find 

1 



C{p w ) 



max 



JO, -(3a -1) 



(4.22) 



This function is illustrated together with the purity in figure [T] 
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Figure 1. Separable states take zero values, while entangled states 
take positive values according to the concurrence C(pw) (straight 
line). The purity Tr(pwPw) = Tr(p^) yields an entanglement 
monotone, which provides a fair approximation of the concurrence 
C{pw) for X — > 1. 



|a ) := cos(a ) 



(4.23) 



4.2. A two-parameter subclass of entangled states. By recalling the Schmidt- 
decomposed family of pure states associated to the vector 

v o)^(o) +sin ^ 

having been used in the previous work for the identification of pull-back tensor fields 
on Schmidt-equivalence classes [2j, we may now consider a convex combination 

Px, ao ■= x\a )(a \ + (l-x)p*, (4.24) 

with a maximal mixed state p* . Such a convex combination contains the 1-parameter 
family of Werner states as special case for ceo = tt/4. Computing here, the purity- 
related invariant f^ip) = (Or \0r) yields 

f2(px,a ) = f^iPWerner) = 6 (x 2 + l) . 

Next we shall consider in addition, the non-linear realization, given by 



iHp) 



with R{Xj) = [R(Xj) - p(R(Xj))l]p 



(4.25) 
(4.26) 



to see what happens. Here we find 

1 3x 4 

Jlf (Pz.ao) = 2 C0S ( 4a o) X 4 + - COS (8a ) X A + — 

- 2 cos (4a ) x 3 - 2x 3 - 2 cos (4a ) x 2 + Ax 2 + 6. (4.27) 
Hence, in contrast to the Hcrmitian representation R, the non-linear realization 
R is able to captures the information on the additional parameter ao- Moreover 
it involves a ^-dependence beyond quadratic order. This suggests to introduce a 
'non-linear' extended version of the purity measure by 



1 



(4.28) 



This quantity shall now be compared with the concurrence C(p) by applying both 
functions on the considered two-parameter subclass of states p x Qo . The concurrence 
C(p 

x,a ) yi e lds here 

max[-^ + 7 + \ \l-x 2 (2 cos (4a ) x 2 + (x - 2)x - l)sin 2 (2a ) - ~,0]. (4.29) 
8 4 2 * 8 

The latter function is plotted in figure [2j while the 'non-linear' extended version 

of the purity is given in figure [3j In this regard we may compute the functional 

dependence between both functions by 

dC A dV = :<^> C and V are functional dependent, (4.30) 
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Figure 2. Separable states take zero values, while entangled states 
take positive values according to the concurrence C(p XjO , ). 




Figure 3. A possible approximation of the concurrence measure 
derived from an non-linear realization-dependent IOVT, giving rise 
to the invariant T>(p xaa ). 

as it has been considered in [5]. The corresponding plot is given in figure [4j where 
a region of functional independence exists. 



5. Conclusions and Outlook 

In this work we have approached the separability problem of entangled mixed 
states p on finite-dimensional product Hilbert spaces by means of an evaluation on 
invariant operator-valued tensor fields (IOVTs) 



(5.1) 



on the unitary group SU(n) x SU(n). By mapping the resulting invariant classical 
tensor fields 

(k \ k 

Y[R(x la ))(g)e l " (5.2) 
a=l ' a=l 
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Figure 4. The functional dependence dC/\dV between both func- 
tions is given for all parameter combinations with vanishing values. 



in terms of Hermitian inner product contractions to real-valued polynomial func- 
tions 

n 

the concept of R- classes of entanglement monotones candidates emerged in depen- 
dence of the choice of a realization R of the underlying Lie algebra. Let us outline 
in detail the two possible main practical merits of this approach for future works. 
First, in the case of pure states, we may deal with the idea of an algorithmic proce- 
dure to identify SU(n) x S'/7(n)-invariant functions on Schmidt-equivalence classes 
(i.e. local-unitarily generated orbits) which crucially evades the computational ef- 
fort of a singular value decomposition into Schmidt-coefficients. This idea might 
be illustrated by the fact that Schmidt-equivalence classes provide homogenous 



spaces [23 -25 , suggesting a local, rather than a global, approach to be sufficient for 
extracting the information on the entanglement of the state which belongs to the cor- 
responding orbit. Invariant covariant tensor field constructions on SU(n) x SU(n), 
as discussed in part I. in |2j, relate to pull-back tensor fields from the 'quotient', 
i.e. from a Schmidt-equivalence class orbit and provide therefore clearly, the most 
natural tool for extracting this information. 

Second, within the generalized case of mixed states, one may foresee the existence 
a 'functorial' correspondence between certain classes of separability criteria and R- 
classes of entanglement monotones candidates. To illustrate such a relation, we 
observe that we recover for the non-linear realization 

R{X j ) = R{X j )-p{R{X j ))t, (5.3) 

and the associated covariance matrix-tensor field 

e» k = ( P (R(X 3 )R(X k )) - pWXrfMmXk))? ® 6 k , (5.4) 

a class of separability criteria having their origin in the so-called covariance matrix 
criterion [26]. While the corresponding 'linear i?-subclass' of criteria in the Bloch- 



representation proposed by de Vicente 21 , has been illustrated here in section 3.3 
we find for n = 2, 

l«z& |££> + <n& |n&» - i = iOTJ = (5.5) 

g\\ R\ R/ y ) \ R \ Rl) 2 W^) forj = l. 
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and therefore the purity Tr(p 2 ), the linear entropy 1 
related quantity 



Tr(p 2 ) and the concurrence 



4Tr(pp) = 1 



E C lk> 



(5.6) 



to be in such a linear i?-subclass according to our classification of entanglement 
monotone candidates. A generalization of (5.6) to higher dimensions may shed 



some light on the geometric origin of the sufficient separability criterion based on 



the Bloch-representation in Proposition 3.8 The latter reads for two qubits 



m l + Tt(Vc7tC7) < 1 



(5.7) 



k=l 



and clearly outlines a link to (5.6|. The tensorial picture may therefore allow to face 

to relate the 'non-linear i?-class' of covariance 



26 



the open problem (as given in 
matrix separability criteria to quantitative statements. In what has been said here, 
this could now be approached by a i?-class of entanglement monotone candidates 
in terms of associated polynomials 



(5.8) 



In particular, the 'first order term' \d p ^ indicated within the examples of a 

two-parameter family of entangled states in the previous section, a possible approx- 
imation to the concurrence measure. 

The identification of non-linear structures of higher order being hidden in the de- 
scription of quantum entanglement may turn out to be crucial to tackle the separa- 
bility problem in both necessary and sufficient directions. This can be seen, already 
for the case of two qubits, by taking into account the relation between the Peres- 
Horodecki PPT-criterion [27||28| and the role of so-called local filtering operations 
within the class of covariance matrix criteria 126 . 



The relation to the PPT-criterion. For this purposes, let us observe, that 
within the linear i?-class, we are let to consider either sufficient or necessary criteria, 
where we found a strong indication that the anti-symmetric IOVT 

fi := [R{Xj),R{X k )]^ A0 k 



associated with the coefficients 

^ fe] (p) = Tr(p> i)( 7 fc ]_), 



TV 



(5.9) 



plays a fundamental role to measure 'how far' the necessary criterion (Theorem 
3.9) is from being also a sufficient criterion (Theorem |3.10[ ). Specifically for a qubit 



system, we may identify the imaginary 'eigenvalues' of (^uw(f)) and in 
dependence of the subsystem's Bloch-representation coefficients rij and uik by 



±i 



\ 



fc=i 



±i 



\ 



(5.10) 



fe = l 



For generic entangled mixed states in n = 2, having not maximal mixed subsystems 
as in the case of Werner states used in the previous section, the criterion in corol- 
lary |3.11 fails to be both sufficient and necessary. A way of making this criterion 
stronger is given by considering the complexification of the local special unitary 



transformations to SL(2, C) x SL{2, C). In particular, as it has been shown in 29 
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any state p G D(C 2 eg) C 2 ) can be transformed via SL(2,C) x SX(2,C) into the so 
called standard form 

Ps ■— ^(o" ® cr + dj<jj (g) <jj) (5-11) 

with (di, c?2 , ^3) G A 2 C M 3 , parametrizing points on a 3-dimensional convex subset 
given by a tetrahedron, i.e. a 2-simplex A 2 . By evaluating the resulting standard 
form (5.11) on a symmetric IOVT 

L := [RiXj), R{X k )] + 6 j 6 k (5.12) 

associated as in the previous sections to a product representation SU{2) x SU(2) — > 
U(4), we find a matrix of coefficients decomposed in submatrices by 





/ A 


c 


= ( 


v C 


D 


di 






















^3 



(£ (ife) )(ps) = ( ^ „ ), (•••U) 

with A(p s ) = B(p s ) = 1 and 



C(ps) = d 2 . (5.14) 



By comparing with (4.7), it becomes evident that the class of Werner states are 
recovered here by the constraint 

d 1= d 3 = -d 2 . (5.15) 

In contrast to the symmetric IOVT, the evaluation on an anti-symmetric IOVT 
fl := [R(Xj), i?(Vfe)]_0 : ' A 6 k will in general yield a maximal degenerate tensor field 

(il m )(p s ) - 0. (5.16) 

Now one may observe the following. A partial transposition (PT) of the matrix 
representation of ps induces a transformation on C(ps) given by a reflection on the 
second diagonal element 

/di00\ /diO 0\ 

C(p s ) = d 2 ^ C{p p s T ) = -d 2 . (5.17) 
V d 3 J \ d 3 J 

As it has been argued in 29 , the intersection 

A 2 n?r(A 2 )=5 (5.18) 

of the 2-simplex A 2 with its PT-induced reflection PT*(A 2 ) is identical to the set 
S of separable states, which provides an octahedron, defined by the constraint 

3 

£>il<l- (5.19) 

The later condition turns out to be equivalent to 

\\C(ps)\\kf < 1, (5.20) 

and crucially, generalizes the separability criterion in corollary |3. 1 1 1 for states with 
maximal mixed subsystems to generic states, whenever one makes use of a 'local 
filtering' operation p ^ p s induced by SL(2,£) x SL(2,C) C SX(4,C). 
The latter group preserves the positive cone structure in u*(C 2 (g) C 2 ) = u*(C ), 
which may allow to recover here as a consequence the Peres-Horodecki criterion [27| 
28 , which states that a state in D(C 2 <g)C 2 ) is separable iff its matrix representation 



remains positive under partial transposition. 

In this regard it would be interesting to construct IOVTs, on the Lie group Q = 
SX(2,C) x SL(2, C) to identify pull-back tensor fields from homogeneous space 
manifolds Q /Qq. The latter may become identified in this regard with distinguished 
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strata D k (T-L) C D(H) of mixed states p with fixed rank k, whenever one considers 
the non-linear action 

P ^ K(T%r T ^G = GL{%) (5.21) 



as shown in 30 31 . By identifying the corresponding infinitesimal action of this 
non-linear action, in terms of vector fields resp. non-linear operators, one may build 
a corresponding IOVT, whose evaluation on a state with fixed rank k may gives rise 
to a pull-back tensor from D k (H) to Q = GL(H). 

Such a construction could provide a tensor field which is invariant under the so 
called 'local filtering operations' associated to the subgroup 

SL(2, C) x SL(2, C) c G£(4, C), (5.22) 



which transforms a given state p to its standard form (5.11 ). Invariant tensor field on 
these orbits could pave the way to reduce the computational effort of a local filtering 
operation, in analogy to invariant tensor fields on Schmidt-equivalence classes, which 
reduce the computational effort of a Schmidt-decomposition. This issue shall be 
worked out in detail, both for two qubits, but also in higher dimensional composite 
systems in a forthcoming paper. 
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